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Abstract

Initial correlations between a quantum system and its environment can strongly influence
open-system dynamics and invalidate standard reduced-dynamics descriptions. Detecting
such correlations is therefore an important problem, but most existing approaches require
state tomography, multiple system preparations, or some degree of access to the environ-
ment. Here we show that initial system—environment correlations can be certified using
only a single calibrated system observable when the interaction is known. For a qubit inter-
acting with an environment via isotropic Heisenberg exchange, we derive exact bounds on
the signal z(t) = (0?)(t) that hold for all factorized initial states sharing the same calibrated
reduced system state. These bounds define a factorized envelope: if an observed trajectory
exits this envelope, initial correlations are unambiguously certified. The witness requires
only single-axis measurements after a one-time calibration of p5(0) and does not rely on
environment access or state tomography. We illustrate the method for several families
of correlated initial states and show that the same single-observable logic extends to an
exactly solvable pure-dephasing spin—boson model with an infinite environment.

Keywords: open quantum systems; initial system—environment correlations; Heisenberg
exchange interaction; quantum correlations; correlation witness; single-observable detection

1. Introduction

A controllable quantum system is never perfectly isolated. In realistic settings it
interacts with surrounding degrees of freedom that are not directly accessible and are
therefore treated as an environment [1,2]. This coupling gives rise to open-system dynamics,
whose behavior may depend not only on noise generated during the evolution but also
on correlations that are already present between the system and the environment at the
initial time [3-7]. Such initial system—environment correlations are of fundamental interest
because they can invalidate the standard assumption that reduced dynamics are generated
by a completely positive map defined on the full system state space [3-5]. They are
also operationally important because they can mimic or mask genuine memory effects:
for example, revivals in state distinguishability may originate from correlations already
present at t = 0 rather than from information backflow generated during the subsequent
evolution [6,7].
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At the same time, initial system—environment correlations are not merely a nuisance.
When deliberately engineered, they can serve as a resource and modify the effective action
of environmental noise in useful ways. In particular, appropriately structured initial
system-environment entanglement can in some settings suppress decoherence or improve
the robustness of quantum information processing (see Ref. [8]). Whether detrimental or
beneficial, however, such correlations must first be identified. This makes the detection
of initial system—environment correlations a central problem in the theory and practice of
open quantum systems.

If both the system and the environment were experimentally accessible, one could in
principle detect correlations by joint measurements or full tomography of the combined
state [7,9]. In most physical platforms, however, direct access to environmental degrees
of freedom is either limited or completely absent. This raises a basic and practically
important question:

To what extent can initial system—environment correlations be detected using measure-
ments on the system alone?

A number of system-only strategies have been developed. Some methods compare
the dynamics generated by multiple initial system preparations and infer correlations by
testing whether the effective environment state depends on the chosen preparation [7,10].
Others use trace distance or related distinguishability measures between reduced sys-
tem states, where an increase in distinguishability can witness either initial correlations
or non-Markovian behavior [6,11-16]. These approaches are powerful and conceptually
important, but they typically require either many initial preparations or some form of
reduced-state tomography. Even when the environment is never measured, the experi-
mentalist often still needs to reconstruct the full Bloch vector of the system by measuring
several noncommuting observables.

A complementary line of work assumes prior knowledge of the joint dynamics. When
the interaction Hamiltonian is known, one can ask whether an observed reduced evolution
is compatible with any factorized initial state of the form ps(0) ® pg(0) [17,18]. Recent
theoretical results have shown that, under broad conditions, initial correlations are in
principle always detectable from system-only data provided the joint dynamics are known
and suitable measurements are performed [19]. Experimentally, system-only detection of
initial entanglement with an inaccessible environment has also been demonstrated without
full two-qubit tomography, by exploiting prior knowledge of the interaction model [20].
These results strongly support the view that initial correlations can be detected without
direct environment access.

Despite this progress, most existing protocols still rely on reconstructing the reduced
state of the system, or at least on measuring more than one observable. In many exper-
imentally relevant settings—including NMR platforms, trapped ions, superconducting
circuits, and NV centers—this tomographic overhead is nontrivial [6,7,9,11,15,21,22]. This
motivates a sharper question than the one usually asked:

Can initial system—environment correlations be certified using only a single expectation
value of a single system observable, measured along one fixed axis?

In this work we answer this question affirmatively for a paradigmatic and exactly
solvable model. We consider a qubit system interacting with a qubit environment through
the isotropic Heisenberg exchange Hamiltonian and assume that the initial reduced state
ps(0) is calibrated once at the beginning of the protocol. After this one-time calibration, no
further tomography is performed. Instead, we monitor only the single signal z(t) = (c)(t),
obtained from repeated measurements of 7 at different evolution times. We ask which
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trajectories of this single observable are compatible with all factorized initial states that
share the same calibrated reduced state.

Our central result is that, for the isotropic Heisenberg exchange, all such factor-
ized initial states generate a closed and exactly computable time-dependent interval
R(t) = [zmin(f), Zmax(t)], which we call the factorized envelope. This envelope contains
every trajectory z(t) obtainable from an uncorrelated preparation consistent with the same
ps(0). Consequently, if an experimentally observed trajectory leaves this envelope at any
time, then no product initial state can explain the data, and initial system—environment
correlations are certified. The witness is one-sided, analytically exact, and experimentally
economical: after the initial calibration, it requires only repeated measurements of a single
observable along a fixed axis.

It is important to emphasize, however, that the witness is inherently one-sided. While
any violation of the factorized envelope provides an unambiguous certification of initial
system-environment correlations, the converse does not hold. A trajectory that remains
entirely inside the envelope is still compatible with correlated initial states and therefore
cannot be interpreted as evidence that the initial state was uncorrelated.

It is important to emphasize that the proposed witness is inherently one-sided. If an
experimentally observed trajectory leaves the factorized envelope, then no factorized initial
state sharing the same calibrated reduced system state can reproduce the observation,
and initial system—environment correlations are therefore certified. Conversely, a trajectory
that remains entirely within the envelope does not establish that the initial state was
factorized, since correlated initial states may still generate trajectories compatible with the
factorized null hypothesis.

From the perspective of reduced dynamics, the construction has a natural operational
interpretation. When initial correlations may be present, the reduced evolution depends
on how the reduced input state is embedded into the joint system—environment space,
a dependence commonly described in terms of assignment (embedding) maps [3-5]. In our
setting, the standard product assignment Apoq(0s) = ps ® pf serves as a null hypothesis
for uncorrelated preparations. The factorized envelope is then precisely the admissible
region generated by this product embedding. A measured violation of the envelope
therefore rules out the entire product-assignment class using only a single calibrated
observable, without reconstructing ps(t) at later times and without inferring a general
assignment map from data.

The isotropic Heisenberg exchange model is particularly suitable for this program
because it admits both an exact analytic treatment and a transparent geometric interpretation.
For factorized initial states, the reduced Bloch vector follows a structured partial-swap
trajectory between the system and environment Bloch vectors. This makes it possible to
characterize the admissible single-observable dynamics in closed form and to visualize
the witness geometrically. We show that the resulting envelope can be violated by several
families of correlated initial states, including cases in which the reduced system state is
maximally mixed and therefore carries no direct signature of the hidden correlations at t = 0.

Although the isotropic Heisenberg exchange interaction serves as our primary ex-
ample, the proposed framework is not conceptually restricted to this specific model.
The Heisenberg Hamiltonian was chosen because it is a paradigmatic interaction in quan-
tum information science and condensed-matter physics and, importantly, admits an exact
analytical characterization of the factorized compatibility envelope. The essential ingredient
of our approach is the availability of a sufficiently characterized interaction Hamiltonian
that allows the admissible single-observable dynamics generated by all factorized initial
states to be determined. Consequently, the same compatibility-based philosophy may
be extended to broader classes of system—environment interactions whenever analogous
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analytical or numerical characterizations are available. Investigating such extensions, in-
cluding anisotropic exchange models and other exactly solvable open-system Hamiltonians,
represents an important direction for future work.

Although our main development uses a minimal two-qubit model, the underlying idea
is more general. To demonstrate that the witness is not an artifact of a finite-dimensional
environment, we also extend the same single-observable logic to an exactly solvable pure-
dephasing spin-boson model with an infinite bath. In that setting, factorized initial states
again generate a sharply constrained admissible region for a single system observable,
and violations of that region certify initial correlations.

The present protocol assumes that the system—environment interaction Hamiltonian
has been independently characterized through prior experimental calibration. We empha-
size that this assumption defines the intended scope of the method rather than a universal
description of all open quantum systems. While it may be restrictive for complex molecular
or condensed-matter environments, where microscopic interactions are often only approxi-
mately known, it is well justified for many engineered quantum platforms—including su-
perconducting circuits, trapped ions, semiconductor spin qubits, and NV centers—where ef-
fective interaction Hamiltonians are routinely identified and calibrated before experiments
are performed. Extending the present compatibility-based framework to partially charac-
terized or uncertain interaction models remains an important direction for future research.

The present work differs from previous tomography-free and reduced-resource ap-
proaches in both its null hypothesis and its measurement requirements. Existing system-
only methods commonly infer initial correlations by comparing several reduced trajectories,
preparing multiple initial system states, monitoring distinguishability measures, or recon-
structing part or all of the reduced density operator. In contrast, we fix a single calibrated
reduced system state and determine the complete range of one fixed observable that can
be generated by every factorized initial state compatible with that calibration. The re-
sulting factorized-envelope construction therefore provides an exact single-observable
compatibility test rather than a reconstruction-based criterion.

The novelty of the present work lies in the combination of several elements: an
analytically exact factorized envelope, optimization over all unknown environment qubit
states, measurements along only one fixed axis after a one-time calibration, a geometric
partial-SWAP interpretation, and an assignment-map formulation in which the product
embedding serves as the factorized null hypothesis. Reference [23], whose state families
are used in Section 6, did not derive the single-observable factorized envelope or the
associated certification theorem developed here. We additionally examine how the same
compatibility-based reasoning may be implemented in a characterized infinite-dimensional
pure-dephasing environment. More broadly, methods originating from open quantum-
system theory and quantum-inspired dynamical models have also found applications in the
description of complex systems beyond traditional physics, including network dynamics
and social processes [24].

The main contributions of this work are therefore fourfold. First, we derive an analyti-
cally exact factorized compatibility envelope for a single system observable under isotropic
Heisenberg exchange by optimizing over all environment qubit states. Second, after a
one-time calibration of the reduced initial system state, the protocol requires measurements
along only one fixed system axis, without reduced-state tomography during the evolution
or direct access to the environment. Third, we provide both a geometric partial- SWAP in-
terpretation and an assignment-map formulation of the factorized null hypothesis. Fourth,
we investigate how the same compatibility principle can be applied to a characterized
pure-dephasing spin-boson model with an infinite-dimensional environment.
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In contrast to previous tomography-free approaches, the present work derives an exact
factorized compatibility envelope for a single calibrated observable, provides a closed-form
analytical construction under isotropic Heisenberg exchange, develops a geometric inter-
pretation of the witness, formulates the protocol within the assignment-map framework,
and demonstrates its extension to an exactly solvable infinite-dimensional model.

The remainder of the paper is organized as follows. Section 2 describes the operational
protocol. Section 3 introduces the model and notation. Section 4 derives the factorized
envelope. Section 6 presents illustrative examples. Section 7 extends the approach to the
pure-dephasing spin-boson model. Finally, we conclude with a discussion.

2. Procedure
In this section we describe the protocol in an operational manner, emphasizing how it

is implemented in practice and how the resulting data are interpreted. We clearly separate
what is done in the laboratory from what is done in theory to interpret the experimental data.

2.1. What Is the Basic Idea?

When a quantum system interacts with an environment, correlations can appear in
two different ways:

*  Correlations can be created during the evolution, even if the system and environment
were initially uncorrelated;
¢  Correlations can already exist at the initial time, before the evolution begins.

In this work we focus on the second case: how can we tell whether correlations were already
present at the initial time, using measurements on the system only?

We assume that the interaction Hamiltonian H is known, and that the initial state of
the system pg(0) can be calibrated once. After that, we only measure a single observable of
the system, z(t) = (¢2)(t).

The key question is therefore:

Given the calibrated system state pg(0) and a known interaction H, which values of z(t)

are possible if the initial state was uncorrelated?

If we can determine this range, then any experimentally observed value outside it
proves that the initial state must have been correlated.

For the isotropic Heisenberg exchange, we show that all uncorrelated (product) initial
states lead to values of z(t) inside a time-dependent interval,

R<t) = [Zmin(t)/ Zmax(t)]/ (1)
which we call the factorized envelope.

2.2. Experimental Protocol (Steps 1-3)

The first three steps describe only what the experimentalist does in the labora-
tory. At this stage, no assumption is made about whether the system and environment
are correlated.

Step 1: Calibrate the system state

Prepare the system qubit S in a known reduced state,

(I+5-7), ()

A=)
%)
—~
(=)
~—
I
Nl—

where § = (sy, Sy, sz ) is the Bloch vector. The vector § is determined in a separate calibration
run, for example by performing tomography at time t = 0.
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This calibration is done only once. Afterward, no further tomography is required. The
environment E starts in some unknown state pg(0), which may or may not be correlated
with the system.

Step 2: Let the system and environment interact

In each run of the experiment, the joint system starts in some physical state pgg(0)
whose system marginal is the calibrated ps(0). The joint evolution is governed by the
known Hamiltonian H,

pse(t) = U(t) pse(0) UT (1),  U(t) =e ™1 (3)

Operationally, the experimentalist simply prepares the same initial state as repro-
ducibly as possible and allows the system and environment to interact for a time .

Step 3: Measure a single observable

For a chosen evolution time ¢, the experiment is repeated many times:

1.  Prepare the same initial joint state;
Let it evolve for time ¢;
3. Measure 07 on the system.

Averaging the measurement outcomes gives

2(t) = (o) (t) = Trsos (t) oF), (4)

where pg(t) = Trg[psg(t)]. Only this single observable is measured, and the measurement
axis is fixed throughout the experiment.

2.3. Theoretical Analysis (Steps 4-5)
We now explain how the experimental data are interpreted.
Step 4: Define the uncorrelated reference model

To test whether the data are compatible with an uncorrelated preparation, we introduce
a theoretical null hypothesis. We assume that the initial joint state is uncorrelated and given
by pse(0) = ps(0) ® pe(0), where pg(0) is arbitrary.

This assumption corresponds to the standard product assignment map, which embeds
the calibrated system state into a joint state assuming no initial correlations.

Under this assumption, different environment states lead to different trajectories z(t).
The set of all values obtainable in this way defines the factorized envelope,

R(t) = {=(t) | ps£(0) = p5(0) ® £ (0) } = [zmn(£), Zmax (1)) ©)

For the isotropic Heisenberg exchange, the bounds zmin (t) and zmax(t) can be com-
puted analytically as shown in Section 4.

Step 5: Compare theory and experiment

Finally, the experimentally measured value Z(t) is compared with the theoretical
interval R(t). If for some time t* one finds

Z(H*) ¢ R(t)

then no uncorrelated (product) initial state can explain the observation. This certifies the
presence of initial system—environment correlations.

Figure 1 provides a schematic illustration of the factorized envelope and how an experi-
mentally observed trajectory can certify initial correlations by exiting this admissible region.
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Figure 1. Illustration of the factorized-envelope witness. The shaded region represents the factorized

envelope R(t) = [zmin(t), Zmax(t)], containing all trajectories z(t) = (09 )(t) obtainable from factor-

ized initial states psg (0) = ps(0) ® pg(0). The blue curve shows a representative factorized trajectory
lying entirely inside the envelope, while the orange curve corresponds to a correlated initial state that
exits the envelope, thereby certifying initial system—environment correlations.

3. Model and Definitions

We now formalize the setting and notation.
We consider a system qubit S and an environment qubit E with joint Hilbert space

Hsg = Hs @ HE, dimHg = dim Hg = 2. (6)
The initial joint state psg (0) may be either
pse(0) = ps(0) ® p£(0)  (factorized), )

or
pse(0) # ps(0) @ pg(0)  (correlated), ®)

where the latter may contain classical and/or quantum correlations, including entanglement.
The joint evolution is generated by a known Hamiltonian H on Hgg, with unitary

U(t) = e~'Ht and
pse(t) = U(t)pse(0)U (). 9)

The reduced state of the system is
ps(t) = Tre[pse(t)]. (10)
The calibrated initial state of S is written in Bloch form as
ps(0) = 1(I+5-7), |8 <1, (11)

where ¢ = (0, oy, 07) is the Pauli vector and § € R3 is the initial Bloch vector. At time f the
reduced state is

ps(t) = 3(I+5(t)-7), S <1, (12)
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with Bloch vector 5(t) = (sx(t),sy(t),s2(t)).

The quantity accessible in our protocol is the single expectation value.

The measured signal can be written equivalently in the Schrodinger and Heisenberg
pictures as

= Trg s (1)o? |
= Trse |psi (0)U' (1) (0F @ e ) U (1)) (13)

Equivalently, defining the Heisenberg-picture joint observable
of(t) = u' () (oF @ I )u(e), (14)

we have
2(t) = Trs [pse(0)02 (1) (15)

When the initial state is factorized, we may write the environment as
pe(0) = 3(I+2-3), [g1<1, (16)

but in the protocol we never need to know ¢ explicitly.
For each fixed t we define the set of all values of z(t) obtainable from factorized initial
states with the given calibration:

R(t) = {z(t) | pse(0) = ps(0) ® p£(0) }. (17)

Our main technical goal is to compute R(t) explicitly for the isotropic exchange Hamilto-
nian and to show that it is always an interval

R(t) = [Zmin(t), Zmax (t) |- (18)
Explicit formulas for zmin () and zmax (t) are obtained in Section 4.

Reduced-Dynamics Viewpoint: Assignment Maps and the Product Admissible Set

A reduced system trajectory is ultimately generated by a joint unitary evolution on SE
followed by a partial trace. When initial correlations may be present, a key foundational
issue is that the reduced evolution cannot, in general, be represented by a single completely
positive (CP) map on the full system state space without additional physical structure;
instead, one must specify how a given reduced state ps(0) is embedded into the joint space.
This is naturally captured by an assignment map (or embedding) A, which assigns to each
reduced input state a compatible joint state,

pse(0) = Alps(0)), (19)
and generates the reduced dynamics
ps(t) = e U(t) Alps (0)) U* (1)) (20)

In general, A need not be unique, and physical consistency requirements may restrict the
domain on which a given reduced description is valid. A useful structural condition is
G-consistency: for a specified set of allowed global unitaries G, different joint states that
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share the same reduced state must induce the same reduced evolution under all U € G,
ensuring that the reduced dynamics are well defined on the chosen domain (see Ref. [25]).

In our protocol, we do not attempt to reconstruct pg(t) or infer A in full generality.
Instead, we fix the reduced input state ps(0) once by calibration and monitor only the
single expectation value

2(1) = Trs[ps(£) 05] = Trse[A(ps(0)) U* (B (oS @DU(E)]. @)

This viewpoint makes clear that even without full tomography, one can define a sharp
compatibility set for factorized preparations by restricting to the standard product assignment

Aprod(0s(0)) = ps(0) ® p£(0), (22)

with arbitrary environment state pr(0). For fixed ps(0) and ¢, the set of all values of z(t)
obtainable from (22) is exactly the factorized admissible region,

R(t) = { 2(t) | ps(0) = ps(0) ® £ (0) }- 23)

Because z(f) is affine in the unknown environment parameters under the product as-
signment, R(t) is an interval [zmin(#), Zmax(f)] whose endpoints are achieved by pure
environment states. If an observed trajectory leaves this interval at any time, then no
product assignment (22) can explain the data, and the initial joint state must have con-
tained correlations. In Section 4 we compute Zyin / max(t) analytically for the isotropic
Heisenberg exchange.

4. Heisenberg Exchange Dynamics and Envelope

We now specialize to the isotropic Heisenberg exchange Hamiltonian

Hex = J (0305 + 0,0, +050%) = [0 - O, (24)
with factorized initial state
pse(0) = ps @ pg, ps = 3(1+5-7), pp=1(1+¢ 7). (25)

Proposition 1. Let the system and environment be two qubits evolving under the isotropic
exchange Hamiltonian
Hex = J 05 - Ok. (26)

Assume that the initial state is factorized,
pse(0) = ps ® P, 27)

where 1 1
pS:E(HJr??T), pEZE(HJrETT). (28)

Then the reduced system state at time t is

1 - .
ps(t) = 5[1+5() -, 29)
with Bloch vector
5(t) = ?§ 4 d*¢ — cd (3 x ) (30)
where
c = cos(2]t), d = sin(2]t). (31)
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Proof. Introduce the SWAP operator
1 S
§ =5 +0s-0¢). (32)
This operator satisfies
2 =1, (33)
and exchanges the two qubits according to
S(A®B)S=B® A. (34)
From the definition of S, we have
25 =1+ 7 - Of. (35)
Therefore
Os-0p=25—1 (36)
Hence the Hamiltonian can be written as
Hex = ](25 - ]I)' (37)
The unitary evolution operator is then
U(t) _ e—iHext
— o2t
_ ei]tefiZJtS. (38)
Since $2 = T, we obtain
e 215 = cos(2])1 — isin(2]t)S. (39)

The global phase ¢'/* cancels in U(t)psg (0)UT(t), so it may be omitted. Thus we write

U(t) = cl —idS,

where
c = cos(2]t), d = sin(2]t).

The evolved joint state is

pse(t) = U(t)(ps @ pp)U (1)
= (cI —idS)(ps @ pg)(cl +idS)

= *(ps ® p) + d*S(ps @ pE)S — icd[S, ps @ p).

Using the SWAP identity,

S(ps ® pg)S = PE @ ps-

Taking the partial trace over the environment gives

ps(t) = s + d*pp — icd Tre([S, ps @ pE))-

We now evaluate the commutator term. Since

(40)

(41)

(42)

(43)

(44)

https://doi.org/10.3390/e28080835
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1
S=3 H+Zaj®aj , (45)
]
only the Pauli part contributes to the commutator. Hence
Tre([S, 05 ® oE]) ZTrE [0} ® 0}, ps @ pE])
= ZTrE Tjos @ T0E — P50} Q PET). (46)
Using
Tr(ojpe) = Tr(peo)) = ¢, (47)
we get
1
Tre([S, ps @ p]) = 5 Zej(UjPS —Ps0;})
)
1
= 5 2_¢loj ps)- (48)
)
Now substitute
1
Ps =75 (H + ZSkUk> (49)
Then
]/ PS 2 Sk ]’ Uk
= E Esk <2i 28]'ng5>
k 14
= iZSkEjkg(Tg. (50)
kt
Therefore
Tre([S, 05 ® pE]) = Z ejSKE ke Ty
],k,é
- lexe e (51)
2
Substituting this result into Equation (44), we obtain
TR SRR [ P
pst) = s + dps — icd| - 3 ) 7]
= 2pg + d*pp — %(5’ X @) -0. (52)
Finally, using
1 S 1 S
Ps—i(]H-S 7), pE—E(]H—e 7), (53)
we find 1
os(t) = E[H—l— (c2§+ 428 — cd (3 x z)) .rf}. (54)
Therefore
§(t) = ®§ 4 d*¢ — cd(5 x @). (55)
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This completes the proof. [
Taking the z-component of Equation (30) gives
z(t) = ?s, + d%e, — cd (sxey — syex), (56)
where § = (sy,sy,5;) and € = (ey, ey, ez).
Lemmal. Letd € R3and b € R, and consider
f@)=da-e+b, le] < 1. (57)
Then the extrema of f over the Bloch ball occur on |é| = 1 and are
fmax /min = b £ [d]. (58)
Proof. For any ¢ with |¢] <1,
f@)—b=a-e<lalle| <la], (59)

so f(¢) < b+ |d|. The upper bound is achieved for & = @/ |d| when @ # 0. A symmetric
argument with & = —a/|d| gives the lower bound b — |d|. [

Remark 1. Because f(€) is affine in €, its extrema over the Bloch ball occur on the boundary
|e| = 1. Thus pure environment states determine the extremal values, while mixed states yield
intermediate values inside the interval.

Corollary 1. For fixed 5 and t, all factorized initial states psp(0) = ps ® pg evolving under
Hex satisfy

Zmin(t) < z() < Zmax(t), (60)

where
Zimax / min(t) = ?s, £ |d|/d? + 2 (s2+ sﬁ) (61)
The absolute value of d = sin(2]Jt) ensures that the interval remains correctly ordered,

Zmin (£) < zmax (), for all evolution times, including intervals in which d < 0.
Proof. From Equation (56) we write
z(t) =b(t) +ad(t) - e, (62)

with
b(t)=c?s,,  a(t) = (cdsy, —cdsy, d%). (63)
The norm is
()2 = 2d?(s2 +2) +d*

— 2 [d2 + A2+ si)]. (64)

j@(t)| = |d|\/d? + 2 (s3 + s3). (65)

Applying Lemma 1 with b = b(t) and 4 = 4(t) gives

Therefore,
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Zmax/min(t) = b(t) == |ﬁ(t)|

=%, + |d[\/d? + c2(s% +s2).

(66)
O

Geometric Interpretation of the Exchange Dynamics

Equation (30) admits a simple geometric interpretation, illustrated in Figure 2. For fac-
torized initial states, the reduced Bloch vector is given by

5(t) = %5+ d*é — cd (5 x @), (67)
where the vectors s, €, and § x € are linearly independent whenever § and & are not parallel.

(a) Factorized initial state (b) Correlated initial state

5e(t)

Factorized
admissible
set (all
trajectories
from factorized
initial states
with the same

¢ ps(0))

-—~- Typical
factorized
trajectory
5, (1)

— Correlated
trajectory

—— §:initial system Bloch vector Se(t)
= ¢ :initial environment Bloch vector

= § x ¢ :orthogonal to both Fand ¢

—8— F(t) : factorized trajectory given by ¢*§ + d%¢ — od(F x &)

Figure 2. Geometric interpretation of the reduced dynamics under the isotropic Heisenberg ex-
change interaction. (a) For factorized initial states, the reduced Bloch vector evolves according to
Equation (30), 5(t) = ¢?5 + d%¢ — cd(8 x &), where § and € denote the initial system and environment
Bloch vectors, respectively. The resulting trajectory (green) is generally three-dimensional because
of the exchange term § x €. (b) Schematic illustration of the effect of initial system—environment
correlations. The dashed green curve represents a typical factorized trajectory, while the shaded gray
region schematically represents the family of trajectories compatible with factorized initial states
sharing the same calibrated reduced system state. The solid blue curve illustrates a representative
correlated trajectory that leaves this family and may violate the factorized envelope, thereby certifying
initial system—environment correlations.

Figure 2a illustrates this evolution. The blue and red arrows denote the initial system
and environment Bloch vectors, respectively, while the purple arrow represents the vector
§ x & which is orthogonal to both. The reduced Bloch vector (green curve) evolves from the
initial system vector towards the environment vector while simultaneously acquiring an
orthogonal component generated by the exchange interaction. Consequently, the trajectory
is generally not confined to the plane spanned by § and €. Instead, it evolves within the
three-dimensional subspace generated by {5,¢,5 x €}. Only when s x & = 0, that is, when
the two Bloch vectors are parallel or antiparallel, does the trajectory remain planar.

The same dynamics follow naturally from the exchange unitary
U(t) = cos(2]t) T —isin(2]t) S,

where S is the SWAP operator (up to an overall global phase). The coefficients ¢ = cos(2]t)
and d = sin(2]t) continuously interpolate between the identity operation and a complete

https://doi.org/10.3390/e28080835


https://doi.org/10.3390/e28080835

Entropy 2026, 28, 835

14 of 27

SWAP, causing the reduced Bloch vector to evolve smoothly between the system and envi-
ronment Bloch vectors while generating the orthogonal exchange contribution.

Figure 2b illustrates the effect of initial system—environment correlations. The dashed
green curve represents a typical trajectory generated by a factorized initial state, whereas
the solid blue curve represents a correlated trajectory. Initial correlations contribute through
the correlation tensor and modify the reduced dynamics beyond Equation (30), producing
trajectories that cannot, in general, be generated by any factorized preparation having the
same calibrated reduced state. These deviations may lead to violations of the factorized
envelope derived in Corollary 1, providing the operational basis for the single-observable
witness introduced in this work (Appendix A).

5. Witness of Initial Correlations

We can now state the witness formally.

Theorem 1 (Minimal-observable witness). Let the system evolve under Hex with known initial
ps5(0) = L(I+5-3). Foreach t, let [zmin(t), zmax(t)] be the factorized envelope of Corollary 1.
If for some t* the experimentally observed value Z(t*) satisfies

Z(t*) € [zmin(t"), Zmax ()], (68)

then the initial joint state psp(0) was not factorized. In particular, initial S-E correlations
are certified.

Proof. Corollary 1 shows that every factorized state psp(0) = ps ® pr with the given pg
produces z(t) in the interval [zmin (f), Zmax(t)]. Thus

R(t) = {Z(t) | PSE(O) =ps ®pE} = [Zmin(t)/zmax(t)]' (69)

If Z(+*) lies outside this interval, there is no product state consistent with the observation at
t*, s0 pse(0) cannot be factorized. [

6. Examples: Three Canonical Initial States

In the protocol as implemented in the laboratory, only the reduced system state pg(0)
is calibrated experimentally; the joint state pgg(0) is unknown and may or may not be
correlated. In the following examples, by contrast, we theoretically specify a particular joint
initial state pgg(0) in order to analyze the performance of the witness. The corresponding
calibrated system state is always obtained as ps(0) = Trg[psg(0)], matching what an
experimentalist would have determined in the initial calibration step. The subsequent
comparison between the correlated trajectory z(°)($) and the factorized envelope R (t) is
therefore carried out using only system data and the known Hamiltonian, exactly as in the
operational protocol.

We now illustrate the witness using the three families of initial states analyzed in
Ref. [23]. In each case we:

1. Specify the (possibly correlated) initial state pgg(0);

2. Determine the calibrated reduced state ps(0) and its Bloch vector 5(0);
3. Compute the correlated trajectory z(<°™)(t); and

4. Compare z(©™) (t) with the factorized envelope [Zmin (t), Zmax (t)]-

Whenever z(°") (t) leaves the envelope, the witness detects initial correlations using
only the single observable z(t).
For convenience we use the dimensionless variable [t so that
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c = cos(2]t), d = sin(2]t).
6.1. Example 1: Maximally Entangled Bell-like State
We first consider a maximally entangled initial state of S and E,
pse(0) = [¥)(¥|,  [¥) = —5(]01) +i[10)). (70)
Tracing out the environment gives a maximally mixed reduced state
ps(0) = Trelpse(0)] = 31, 5(0)=0,  2(0)=0. (71)

Thus, based solely on system information at t = 0, this preparation is indistinguishable
from an uncorrelated product state with the same ps(0).
Reduced system trajectory. We use the convention

0, |0) =|0), oz 1) =—11). (72)

For the initial Bell-like state 1
¥) = 72(|01> +110)) (73)

and the partial- SWAP unitary
U(t) =cl—idSs, c = cos(2]t), d = sin(2]t), (74)
the evolved joint state is

[¥(£) = U(t)[T)

:;%Kc+dﬂm)+i@—d)lm} (75)
Tracing out the environment therefore gives
po(t) 0 1
t) = , t) = =|1 +sin(4]t)|. (76)
ps(t) ( 01— po(t) po(t) = 51 (4]1)]
Hence the correlated single-axis observable is
2 (1) = (of ) (1)
= po(t) = [1 = po(t)]
= sin(4]t). (77)

Factorized comparison envelope. To apply the witness, we compare z(€o) (t) with the

set of all factorized preparations that are consistent with the same calibrated pg(0) = 1/2.

For any such state, the initial system Bloch vector satisfies 5(0) = 0, so Equation (56)
reduces to

z(t) =d*e;,  d=sin(2Jt), e, €[-1,1]. (78)

Optimizing over e, yields the factorized envelope

Zmin / max(t) ==+ Sin2 (2]t)/ (79)

and therefore every product initial state must satisfy
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—sin?(2]t) < z(t) < sin?(2]t).

Witness violation and figure interpretation. Figure 3 compares the correlated trajectory
z(€om) (1) = sin(4]t) (black curve) with the factorized envelope [Zmin(t), Zmax(t)] (blue
shaded region). At the witness time

T
=
5]’ (80)
we have 1
sin(4]t*) =1,  sin?(2Jt*) = 5 (81)
Therefore,
Z(COI‘I‘) (t*) — 1’ (82)

whereas every factorized initial state compatible with the same calibrated reduced
state satisfies

2(#) € {; ﬂ (83)

The red marker in Figure 3 therefore lies above the upper factorized bound. Since no
product initial state with the same calibrated ps(0) can reproduce this value, the observation
certifies initial system—environment correlations using only the single observable z(t).

Experimental note. In practice, z(t) = (03

) (t) is obtained by repeatedly preparing the
system and performing a projective measurement of ¢ at time t, then averaging the binary
outcomes. This procedure uses only a single measurement axis and is standard in NMR,

trapped ions, superconducting qubits, and NV centers.

1.00

0.50 A

0.25 4

Factorized‘envelope: *+sin? (2Jt)
0.00 - - Correlated trgjectory: sin(4/t)
Witness point\t=n/8, z=1

z(t)

—0.25 -

—0.50 -

—0.75 A

—1.00 -

0 n/8 n}4 3&/8 nf2
Jt

Figure 3. Example 1. The black curve shows the corrected correlated trajectory z(°™) () = sin(4]t)
for the maximally entangled initial state. The blue shaded region is the factorized envelope
Zmin / max () = Zsin?(2]t) for all product states with ps(0) = /2. At t* = 7t/(8]), indicated by
the red marker, the correlated value is z(®™) (+*) = 1, whereas the factorized interval is [-1/2,1/2].
The trajectory therefore lies above the upper factorized bound, certifying initial correlations using
only z(t).

6.2. Example 2: Mixture of a Product State and an Entangled State

We next consider a family of mixed initial states interpolating between a product state
and the maximally entangled state of Example 1:

pse(0) = p [01)(01] + (1—p) [)(Y], 0<p<1, (84)
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with [¥) as defined above. Tracing out the environment gives
H4p 9
2 -
ps(0) = o 1)’ 5(0)=1(0,0,p),  z(0)=p, (85)
2

so the calibrated system state contains a finite polarization p along z.
Correlated trajectory. Using the singlet-triplet decomposition as before, evolving under
Hex = ] 05 - g and tracing out E yields the correlated single-axis observable

2 (1) = pcos(4]t) + (1 — p) sin(4]t). (86)

which continuously connects to Example 1 when p = 0.
Factorized comparison envelope. To construct the witness, we compare (<o) (¢) with all
factorized initial states consistent with the same calibrated pg(0). For any such product state,

—

5(0) = (0,0, p), so Equation (56) reduces to
z(t) = czp + d%e,, e; € [-1,1], (87)
with ¢ = cos(2]t) and d = sin(2]t). Optimizing over e, yields the envelope
Zmin / max() = cos®(2]t) p £ sin® (2]¢), (88)
and therefore every factorized initial state with the same ps(0) must satisfy
cos?(2]t) p —sin®(2]t) < z(t) < cos?(2]t) p + sin®(2]t).

Witness violation. A convenient witness time is

« T
8]’
for which . .
Z(corr)(t*) =1 - p, Zmin/max(t*) = |:p_ /p+:|
2 2
Violation occurs whenever
1 — > L—i_l
p 2 4
which is equivalent to
1
p<z
Thus, for
1
0< -,
<p<j

the correlated trajectory lies above the upper factorized bound at t*, thereby certifying
initial system—environment correlations using only the single observable z(t). For larger
values of p, no violation occurs at this particular witness time, although it may occur at
other times.

Figure interpretation. Figure 4 shows the correlated trajectories z(°™) (t) (black curves)
together with the corresponding factorized envelopes (blue shaded regions) for three
representative values of p. The panels illustrate how decreasing p increases the weight of
the entangled component and eventually produces a clear envelope crossing. For p = 0.6
the correlated curve remains inside the envelope at t*; for p = 0.2 and p = 0.1 the correlated
value at the red marker lies strictly outside the envelope, certifying initial correlations with
a single observable.
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Factorized envelope ~ —— z(©")(t) Witness point

p=0.6 p=02 p=0.1

1.00

0.75 ' :
050 /_\ i ;
025

£ o000
-025
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-0.75

-1.00
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Figure 4. Example 2. The blue shaded region shows the factorized envelope zyin /max(t) =
p cos?(2]t) & sin?(2]t) for all product initial states compatible with the calibrated reduced state ps(0).
The black curves show the corrected correlated trajectories z(€O™) () = pcos(4]t) + (1 — p) sin(4]t)
for different values of the mixing parameter p. At the witness time t* = 71/(8]) (red marker),
the correlated value is z(€“") (t*) = 1 — p, while the corresponding factorized upper bound is
Zmax (t*) = (1 + p)/2. For p < 1/3, the correlated trajectory exceeds the upper factorized bound,
thereby certifying initial system—environment correlations using only the single observable z(t).

6.3. Example 3: Mixture with the Maximally Mixed State

Finally, we consider a different type of mixture in which the entangled state of
Example 1 is diluted by the maximally mixed two-qubit state:

ps(0) = p 2+ (1-p) ¥)(¥],  0<p<, )

where [¥) is the maximally entangled state used previously. Tracing out the environment yields

ps(0)=P§+(l—p)%=H§, (90)

so the calibrated system state is maximally mixed, with §(0) = 0 and z(0) = 0, regardless
of p.

Correlated trajectory. The maximally mixed part is invariant under all unitary dy-
namics and therefore does not contribute to z(t). Only the entangled component evolves
nontrivially, and using the result of Example 1 we obtain

20 (1) = (1 — p) sin(4]t). 91)
which continuously interpolates between the fully entangled trajectory (p = 0) and a flat
signal (p = 1).

Factorized comparison envelope. Since ps(0) = I, /2 for all p, the factorized initial states
have §(0) = 0 and the envelope reduces to the same form as in Example 1:

Zmin / max (£) = £ sin®(2]¢t). (92)
Therefore, every factorized initial state compatible with the same calibration must satisfy
—sin?(2]t) < z(t) < sin®(2]t).
Witness violation and figure interpretation. A violation occurs whenever
|2 ()| = (1 p)|sin(4]t)| > sin®(2]t). (93)

Using
|sin(4]t)| = 2|sin(2]t) cos(2]t)|, (94)
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and assuming sin(2]t) # 0, the violation condition can be written as
2(1 = p)|cos(2]t)| > |sin(2]t)], (95)
or equivalently,
|tan(2]t)| < 2(1 — p). (96)

For every p < 1, the right-hand side of Equation (96) is strictly positive. Therefore,
the condition is satisfied for sufficiently small but nonzero values of t.
Equivalently, near t = 0,

2(€0m) (1) = (1= p) sin(4]t) = 41(1 — p)t + O(F), ©7)
whereas the factorized envelope behaves as
sin?(2]t) = 4J%t2 + O(t4). (98)

Thus, for every p < 1, the correlated signal grows linearly in t near the origin, while the
width of the factorized envelope grows quadratically. Consequently, there always exists a
sufficiently small nonzero time at which the correlated trajectory lies outside the factorized
envelope. Although the reduced state is maximally mixed and contains no evidence of
correlations at t = 0, later measurements of the single observable z(t) can therefore reveal
the hidden initial system—environment correlations for every p < 1. Figure 5 illustrates this
behavior. The blue shaded regions indicate the factorized envelope, while the black curves
show z(<) (¢) for three representative values of p. For every p < 1, the correlated trajectory
leaves the factorized envelope at sufficiently small but nonzero times because the correlated
signal grows linearly near ¢ = 0, whereas the factorized envelope grows quadratically.
However, at the particular witness time t* = 71/(8]) indicated by the red marker, a violation
occurs only when p < 1/2. Consequently, the panels with p = 0.4 and p = 0.1 show a
violation at the marked witness time, while the p = 0.8 trajectory can still leave the envelope
at earlier, sufficiently small nonzero times. As p — 1, the correlated signal vanishes and
the initial state approaches the maximally mixed product state, consistently eliminating the
witness violation.

p=0.8 p=0.4 p=0.1

1.00
0.75
0.50
0.25

ooo/\/

-0.25

2(t)

-0.50
=0.75

-1.00

0 g /4 3n/8 L) s /4 3n/8 L0 s /4 3m/8 2
Jt Jt Jt

Figure 5. Example 3.The blue shaded region shows the factorized envelope zpip / max (t) = % sin?(2]t)
for all product initial states compatible with the calibrated reduced state p5(0) = I/2. The black
curves show the corrected correlated trajectories z(€™) (t) = (1 — p) sin(4]¢t) for different values of the
mixing parameter p. At the witness time t* = 7/ (8]), the correlated value is z(€™) () = 1 — p, while
every factorized initial state satisfies z(t*) € [—1/2, 1/2]. For the chosen witness time t* = 71/(8]),
the correlated trajectory exceeds the upper factorized bound whenever p < 1/2, thereby certifying
initial system-environment correlations using only the single observable z(f).

7. Extension to an Exactly Solvable Infinite-Bath Model

While the isotropic Heisenberg exchange provides a minimal and fully controllable
setting for developing the single-observable witness, it is natural to ask whether the

https:/ /doi.org/10.3390/e28080835


https://doi.org/10.3390/e28080835

Entropy 2026, 28, 835

20 of 27

same logic survives in more conventional open-system models with infinite environments.
In this section, we demonstrate that the witness extends naturally to the exactly solvable
pure-dephasing spin—boson model, which is a standard benchmark in the theory of open
quantum systems.

7.1. Pure-Dephasing Spin—Boson Hamiltonian
We consider the Hamiltonian [Equation (4.28) of Ref. [1]]

H= %az + Y wibfbe+ o Z(gkb; + g;bk), (99)
k k

where 0, acts on the system qubit and {by, b;g} are bosonic operators describing an infinite
environment. This model generates pure dephasing: the system populations remain
constant, while the coherences decay in time. Importantly, the reduced dynamics admit a
closed-form solution for factorized initial states, making this model analytically tractable.

7.2. Reduced Dynamics for Factorized Initial States

Assuming an initially factorized state psg(0) = ps(0) ® pg(0), the reduced system
state at time ¢ is given by

T
ps(t) = (pw'(()g(;(eo)r(t) p01£?3(0) ): (100)

where I'(t) > 0 is the decoherence function corresponding to the assumed bath model (for
example, a thermal bath with known spectral density and temperature). Throughout this
section, the null hypothesis is that the initial state is factorized,

pse(0) = ps(0) ® pe(0),

the reduced system state pg(0) is fixed by the initial calibration, and the bath is completely
characterized through the known decoherence function I'(t). Its explicit form is not required
for our purposes; we use only that I'(0) = 0 and e~ ') € [0,1] for all .

Since (o) (t) is constant under pure dephasing, we focus on a single transverse
observable,

x(t) = (0x) () = Trs[os(£)ox]. (101)

From Equation (100), one obtains
x(t) = x(0) e T®), (102)

where x(0) = (oy)(0) is fixed by the initial calibration of the reduced system state. Con-
sequently, under the factorized null hypothesis, the complete admissible prediction is
determined jointly by the calibrated initial coherence x(0) and the known decoherence
function I'(t).

7.3. Factorized Envelope and Witness

For every factorized initial state compatible with the calibrated reduced system state,

|x(8)] < |x(0)] e (103)

This inequality defines the admissible factorized prediction for the calibrated initial
coherence. Therefore, any experimentally observed value satisfying

|x(5)] > |x(0)|e”")
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cannot arise from any factorized initial state sharing the same calibrated reduced system
state and therefore certifies initial system—-environment correlations.

This inequality defines a time-dependent factorized envelope for the single observable
x(t) under the pure-dephasing dynamics. It represents the entire set of values compatible
with the standard product assignment psr(0) = ps(0) ® pg(0) for an infinite bosonic bath.

Unlike the exchange model, the pure-dephasing dynamics admit no further opti-
mization over environmental degrees of freedom beyond the decoherence function I'(¢).
Consequently, the factorized envelope takes a particularly simple form, while any deviation
from it directly reflects the presence of initial system-environment correlations.

If, for some time t*, an experimentally observed value satisfies

|2(t)] > |x(0)]e~"), (104)

then no factorized initial state sharing the same calibrated reduced system state and
evolving under the assumed bath model can reproduce the observation. Such a violation
therefore certifies initial system—environment correlations.

This example demonstrates that the single-observable witness is not restricted to finite
environments or exchange-type interactions. Even in a paradigmatic infinite-bath model
with analytically solvable reduced dynamics, factorized initial states generate a sharply
constrained admissible region for a single system observable. Initial correlations modify
the coherence dynamics and can drive the signal outside this region, providing a clear and
experimentally accessible signature of correlated preparations.

8. Performance Analysis of the Minimal-Observable Witness

The factorized-envelope witness developed in the previous sections provides a simple
criterion for certifying initial system—environment correlations using measurements of
only a single calibrated observable. In this section we discuss its operational performance,
practical requirements, and inherent limitations. Rather than introducing a new detection
criterion, our goal is to clarify how the witness should be interpreted in realistic experimen-
tal settings and to identify the situations in which it provides its greatest advantage.

8.1. One-Sided Nature of the Witness

The factorized-envelope construction is intentionally designed as a one-sided witness.
For every calibrated reduced state ps(0) and known interaction Hamiltonian, the interval
R(t) = [zmin(t), zmax(t)] contains all trajectories that can arise from factorized initial
states. Consequently,

z(t) € R(t) == pse(0) # ps(0) ® pe(0), (105)

providing an unambiguous certification of initial system—environment correlations.

The converse, however, does not generally hold. A correlated initial state may still
generate a trajectory lying entirely inside the factorized envelope, because the correlation
contribution to the reduced dynamics can be indistinguishable from that produced by an
appropriate factorized environment state. Remaining inside the envelope therefore cannot
be interpreted as evidence that the initial state was uncorrelated.

This behavior is characteristic of witness-based methods throughout quantum infor-
mation theory. For example, entanglement witnesses certify entanglement whenever their
inequality is violated, while many entangled states remain undetected. Similarly, Bell inequal-
ities provide sufficient but not necessary conditions for nonlocality. The present protocol
should therefore be interpreted in exactly the same spirit: violation certifies initial correlations,
whereas absence of violation simply leaves the possibility of hidden correlations open.
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The advantage of this approach is that every detected event is rigorous. Whenever the
observed trajectory exits the factorized envelope, the existence of initial correlations follows
directly from the incompatibility between the measured dynamics and every admissible
factorized preparation. No optimization, reconstruction of the reduced state, or access to
the environment is required.

8.2. Experimental Resource Requirements

The principal motivation for the present protocol is the reduction in experimental
overhead. Most existing system-only detection methods require repeated state preparation
together with reconstruction of the reduced density matrix at multiple evolution times.
Such procedures generally involve measurements of several noncommuting observables
and the subsequent implementation of state tomography.

By contrast, the present protocol requires only a one-time calibration of the initial re-
duced state ps(0). Once this calibration has been completed, all subsequent measurements
are performed along a single fixed axis, namely

z(t) = (02) (b). (106)

No reconstruction of ps(f) is performed during the evolution, and no measurements
on the environment are required.

The simplification comes at the cost of assuming that the interaction Hamiltonian
is known. Knowledge of the joint dynamics makes it possible to compute the factorized
envelope analytically, which then serves as the reference model against which experimental
observations are compared. Consequently, the protocol is particularly attractive in physical
platforms where the interaction Hamiltonian has already been accurately characterized, in-
cluding NMR systems, trapped ions, superconducting circuits, and other highly controlled
quantum devices.

The present witness therefore complements rather than replaces existing system-only
detection methods. Protocols based on trace-distance growth or full state tomography
require fewer assumptions regarding the interaction model but demand substantially
greater measurement resources. Conversely, our protocol exchanges detailed Hamiltonian
knowledge for a significant reduction in experimental complexity.

Table 1 highlights the complementary nature of the present protocol. Unlike
tomography-based approaches, our method does not require repeated reconstruction
of the reduced density operator during the evolution. Instead, after a one-time calibration
of the initial reduced state, all subsequent measurements are performed on a single fixed
observable. This simplification is achieved by assuming that the system-environment
Hamiltonian is known, allowing the factorized compatibility envelope to be computed in
advance. The proposed witness should therefore be viewed as complementary to existing
methods rather than as a universal replacement. It is particularly advantageous in well-
characterized quantum platforms, where accurate Hamiltonian models are available and
reducing experimental measurement overhead is a primary objective.

Table 1. Comparison of representative approaches for detecting initial system—environment correlations.

Method Ham. Tomo. Repeat
Trace distance No Yes Yes
Tomography No Yes Yes
This work Yes No * No

? After one-time calibration of ps(0).
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8.3. Sensitivity to Measurement Uncertainty

In practice, every measured expectation value is affected by finite sampling statistics
and experimental imperfections. Suppose that the experimentally observed signal is

Zexp (t) = z(t) + 0z(t), (107)

where 0z(t) represents the combined contribution of statistical fluctuations and mea-
surement noise.

The witness remains applicable provided the experimental uncertainty is properly
incorporated into the comparison with the theoretical envelope. Instead of comparing the
measured value directly with R(t), one compares the corresponding confidence interval

Zexp (1) £ Az(t) (108)

with the factorized region. Only when the confidence interval lies entirely outside R (t) can
initial system—environment correlations be certified with the chosen confidence level.

The robustness of the witness therefore depends primarily on the separation between
the observed trajectory and the factorized envelope. Large violations remain detectable
even in the presence of moderate measurement uncertainty, whereas trajectories lying very
close to the boundary require improved statistical precision. This behavior is common to
most experimentally implemented witness protocols and does not affect the theoretical
validity of the certification criterion.

8.4. Scope and Limitations

The present work establishes the compatibility-envelope construction for two exactly
solvable open-system models. The isotropic Heisenberg exchange provides an analyt-
ically tractable finite-dimensional benchmark in which the factorized envelope can be
derived in closed form. The exactly solvable spin-boson model considered in the follow-
ing section demonstrates that the same single-observable logic extends naturally to an
infinite-dimensional environment.

We emphasize, however, that these models are intended to establish the general
methodology rather than to represent every physically relevant environment. In particu-
lar, the spin-boson example describes pure-dephasing dynamics, whereas more general
dissipative environments involving energy exchange remain to be investigated.

Another important limitation follows directly from the one-sided nature of the pro-
posed witness. Specifically, the criterion is sufficient, but not necessary, for detecting initial
system-environment correlations. Whenever the observed trajectory exits the factorized
compatibility envelope, the initial state cannot have been factorized, thereby providing a
rigorous certification of initial correlations. Conversely, trajectories that remain within the
factorized envelope do not imply that the initial state was factorized since correlated initial
states may also generate dynamics consistent with the compatibility bounds. The present
protocol should therefore be interpreted as a one-sided certification tool rather than a test
for the absence of initial system—environment correlations. Developing stronger witnesses
capable of reducing the number of correlated states that remain undetected while preserv-
ing the simplicity of single-observable measurements, constitutes an important direction
for future work. A quantitative characterization of the detection efficiency of the present
witness, namely the fraction of correlated initial states that produce observable violations
of the factorized envelope, also lies beyond the scope of the present work.

Although every violation certifies initial system—environment correlations, correlated
states whose trajectories remain inside the factorized envelope cannot be identified by the
present protocol alone. Developing stronger witnesses capable of reducing the number of
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correlated states that remain undetected by the witness, while preserving the simplicity of
single-observable measurements, constitutes an interesting direction for future work. A
quantitative characterization of the detection efficiency of the present witness, namely the
fraction of correlated initial states that produce observable violations of the factorized enve-
lope, lies beyond the scope of the present work. Such an analysis would require sampling
correlated initial system—environment states according to an appropriate statistical measure
and evaluating the corresponding detection probability. This represents an interesting direc-
tion for future research and would provide additional insight into the practical performance
of the proposed single-observable witness. Despite these limitations, the proposed proto-
col demonstrates that initial system-environment correlations can be rigorously certified
without state tomography, without repeated measurement of noncommuting observables,
and without direct access to the environment. This substantial reduction in experimental
resources makes the method an attractive complement to existing system-only approaches
for detecting initial correlations in open quantum systems.

9. Conclusions

We have presented a single-observable protocol for certifying initial system—environment
correlations in open quantum systems. For a qubit interacting with an environment through
the isotropic Heisenberg exchange, we showed that a one-time calibration of the reduced
system state, together with measurements of a single system observable, is sufficient to
detect initial correlations without requiring state tomography, multiple state preparations,
or direct access to the environment.

The central result is the derivation of an exact factorized envelope that bounds the
dynamics of all product initial states compatible with the calibrated reduced system state.
Any experimentally observed trajectory leaving this envelope excludes every factorized
preparation sharing the same reduced state and therefore certifies the presence of initial
system-environment correlations. A geometric interpretation of the reduced dynamics
clarifies the origin of this constraint, while the examples demonstrate that the witness
successfully detects correlations for several representative families of initial states.

The proposed protocol is inherently a one-sided certification method. Violation of
the factorized envelope provides a rigorous and experimentally accessible witness of
initial correlations, whereas remaining inside the envelope does not exclude their presence.
The protocol therefore provides a sufficient, but not necessary, criterion for certifying
correlated initial states.

Finally, we extended the same operational idea to the exactly solvable pure-dephasing
spin-boson model with an infinite environment, where an analogous coherence enve-
lope can be derived. This shows that the underlying principle is not restricted to finite-
dimensional environments or exchange-type interactions but reflects a more general struc-
tural property of reduced dynamics generated from factorized initial states.

Our results demonstrate that surprisingly limited measurement resources can provide
rigorous information about initial system—environment correlations. They also suggest
a broader class of single-observable certification protocols for other interactions, higher-
dimensional environments, and more general open quantum systems, bringing the experi-
mental detection of initial correlations closer to practical implementation.
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Appendix A. Deviation from Partial Swap for Correlated Initial States

For factorized initial states psg(0) = ps ® pE, the reduced system Bloch vector obeys
Equation (30),
5(t) = *5 4+ d%e —cd (5 x @), (A1)

which depends only on (5, ) and the Heisenberg parameters (c,d).

Equation (A1) therefore provides a complete description of the reduced dynamics
whenever the initial state is factorized. In particular, all trajectories belonging to the
factorized envelope derived in the main text are generated solely by varying the unknown
environment Bloch vector € while keeping the calibrated system Bloch vector 5 fixed. To
understand how initial system—environment correlations modify this picture, we now
consider the most general two-qubit initial state.

For correlated initial states, it is convenient to use the full Bloch decomposition

pSE(O):%(H®H+§'5’®H+H®5'5'+2Cjko}'®0'k)/ (A2)
ik

where Cj = Tr[psg(0) 0j @ 0] is the correlation tensor.
For product states one has

Cik = sjex, (A3)
so we write
Cix = sjex + Tix, (A4)
where
Tie = Cjk — sjex (A5)

contains only the genuine system—environment correlations. By construction, Tj = 0 for
every factorized initial state, whereas correlated initial states generally satisfy Tj; # 0.
Since both the unitary evolution

pse(t) = U(t)pse(0)U (1)

and the partial trace are linear operations, the reduced Bloch vector depends linearly on
the correlation tensor Tj.
Evolving psg(0) under U(t) = e~*Hext and tracing out E yields

5(t) = Epswap(t) + (1), (A6)

where Spswap (t) is the partial-swap expression in Equation (A1) (coming from the sjex
part), and

6i(t) =Y Kike(t) Tre, (A7)
it

for some real coefficients Kjzy(t) determined by Hex.
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Equation (A7) makes the physical origin of the deviation explicit: the correction 5 (t)is
entirely generated by the correlation tensor. When Tj = 0, corresponding to an initially
factorized state, the deviation vanishes identically and the reduced dynamics reduce exactly
to the partial- SWAP expression (A1). Conversely, whenever T # 0, the reduced trajectory
generally departs from the partial-SWAP family and cannot, in general, be reproduced
simply by varying the unknown environment Bloch vector.

Our witness is precisely sensitive to such deviations: if for some time ¢* the measured
z(t*) = s;(t*) lies outside the factorized envelope derived from Equation (Al), then
necessarily T # 0, and the initial state pgg (0) cannot be written as a product.

Thus, the factorized envelope derived in the main text may be viewed as the set of all
trajectories generated under the constraint Tj = 0. Any experimentally observed violation
of this envelope demonstrates that a nonzero correlation tensor is required to explain the
measured dynamics, thereby providing a direct certification of initial system-environment
correlations using only the single observable z(t).
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